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MI“JI:ITZ SYSTEMS AND ORTHOGONAL
MUNTZ-LEGENDRE POLYNOMIALS

PETER BORWEIN, TAMAS ERDELYI, AND JOHN ZHANG

ABSTRACT. The Miintz-Legendre polynomials arise by orthogonalizing the
Miintz system {x% , x4, ...} with respect to Lebesgue measure on [0, 1]. In
this paper, differential and integral recurrence formulae for the Miintz-Legendre
polynomials are obtained. Interlacing and lexicographical properties of their ze-
ros are studied, and the smallest and largest zeros are universally estimated via
the zeros of Laguerre polynomials. The uniform convergence of the Christof-
fel functions is proved equivalent to the nondenseness of the Miintz space on
[0, 1], which implies that in this case the orthogonal Miintz-Legendre polyno-
mials tend to 0 uniformly on closed subintervals of [0, 1). Some inequalities
for Miintz polynomials are also investigated, most notably, a sharp L2 Markov
inequality is proved.

1. INTRODUCTION

Let 0 <A9g<A; <---— o00. The classical Miintz-Szasz Theorem states that
the Miintz polynomials of the form Y;_, a,x* with real coefficients are dense
in L?[0, 1] if and only if

(1.1) Y At = +oo.
k=1

If the constant function 1 is also in the system, that is, 4o = 0, then the
denseness of the Miintz polynomials in C[0, 1] in the uniform norm is also
characterized by (1.1). It is our intention to examine various facets of the Miintz
space

M = span{x*, x* x% .. .}

and for its subspaces

M, = span{x*, x*, ... xM},

where the span is taken over all real numbers (§§4 and 5, where real properties
are studied) or complex numbers (§§2 and 3). It has been observed [25, MR
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#88e:33008] and [13], but does not appear to be particularly well known, that
the orthogonal polynomials associated with a Miintz system (with respect to
Lebesgue measure) on [0, 1] can be explicitly written down. These orthogonal
polynomials are called Miintz-Legendre polynomials. This is the key tool for
the analysis we undertake. We prove for example the L? Markov inequality

el _ 1<
—_— < — 1+ 24
Pl S V2t

for all Miintz polynomials p from A, . Compare this with the L* result in
[17]

[1xp" (X)]loo
<11 Ak.
Pl Z

Both of these are sharp up to the constants. In order to prove this result and
various of its relatives we first derive some explicit formulae and recursions for
the sequence of Miintz-Legendre polynomials. Since this orthogonalization is
not well known, and for the sake of completeness, we briefly reprove some of
the basic formulae, some of which may be found in [13, 25]. This is contained
in §2. Section 3 offers some inequalities for Miintz polynomials, mainly, the
above-mentioned L? Markov inequality. In §4, we study the interlacing and
lexicographical properties of the zeros of Miintz-Legendre polynomials. Also
in this section, universal estimates of the smallest and largest zeros of Miintz-
Legendre polynomials are obtained via the zeros of Laguerre polynomials. Fi-
nally in the last section, we study the properties of the Christoffel functions,
whose pointwise or uniform convergence on closed subintervals of [0, 1) turns
out to give a characterization of the nondenseness of the Miintz space on [0, 1].

Proofs of the Miintz-Szasz Theorem can be found in [6, 8, and 10], and
various new developments are in [1-5, 7, 8, 11, 17, 18, 21-23, 26]. A very
special class of Miintz systems, the incomplete polynomials of the form x™p(x)
with ordinary polynomials p has been studied intensively (cf. [12, 20]).

2. BASIC PROPERTIES OF MUNTZ-LEGENDRE POLYNOMIALS
Throughout this paper, we adopt the following definition for x*:

(2.1 x* = gtloex | x€(0,00), A€C,

and the value at x = 0 is defined to be the limit of x* as x — 0 from (0, oo0)
whenever the limit exists. Given a complex sequence A = {49, 4;,42,...},a
linear combination of the Miintz system {x%, x* ..., x*} is called a Miintz
polynomial, or a A-polynomial. Denote the set of all such polynomials by
M,(A), that is,

(2.2) M,(A) = span{xl0 S xh L XMy

where the linear span is over the real numbers (§4 and §5) or over the complex
numbers (this section and §3), according to context. The union of all M,(A)
is denoted by M(A), that is,

(2.3) M) = M, (D).

n=0
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For the L? theory of a Miintz system, we consider
(2.4) A={4o, 41,42, ...}, R(A)>-1/2, and A # 4; (k # ),

where R(4) is the real part of 4. This ensures that every A-polynomial is in
L2[0, 1]. We can then define the orthogonal A-polynomials with respect to
the Lebesgue measure, the Miintz-Legendre polynomials. Although we almost
always assume (2.4), the following definition does not require the distinctness
of the exponents A .

Definition 2.1. Let A = {4, 41, 42, ...} be a complex sequence. We define
the nth Miintz-Legendre polynomial on (0, 1] to be (cf. [25])

1 [ t+2+1 xtdt ‘
(2.5) Ln(,lo,...,ln,x)_m/rg T n=0,1,2,...,

where the simple contour I' surrounds all the zeros of the denominator in the
integrand, and A denotes the conjugate of A.

The orthogonality of the above functions with respect to the Lebesgue mea-
sure will be proved in Corollary 2.3. Here we first record an immediate conse-
quence of the definition and the Residue Theorem.

Corollary 2.2. Let A = {4, A1, A2, ...} satisfy (2.4). Then for every n =
0,1,2,...,

- T (A + 4+ 1)
(2.6) L(}. ,...,/1 ;x): C’nxlk’ C’ — J
" ' kg ‘ T M, Ok = 29)

with Ly(Ag, ..., An; X) defined by (2.5).

So, Lu(Ag, ..., 4,) is indeed a A-polynomial provided that Ao, 4, ..., A,
are distinct. Its value at x = 0 is defined if for all k either R(A;) > 0
or 4, = 0. For example, if 10 = 0 and R(4;) > 0 (1 < k < n), then
L,(Ao, ..., An;0)=co,n,anditis O if R(4p) > 0 also holds.

Remark. From either Definition 2.1 or Corollary 2.2, it is obvious that in
L,(A, ..., An), the order of Ay, ..., A,_; does not make any difference, as
long as 4, is kept last. For example, L;(¢, 41, 42) = La(41, 4o, 42), but both
are usually different from L,(A¢, 42, 4;) . For a fixed (ordered) sequence A, we
will use L,(A), or simply L, to denote the nth Miintz-Legendre polynomial
L,(4, ..., An), whenever there is no ambiguity.

In (2.6), repeated indices (for example, Ao = 4;) cause a problem. But in the
original definition, A, = 4; is allowed. We can view this also as a limiting case
(A — Aj). We state a very special case when all indices are the same, which
turns out to be closely related to the Laguerre polynomials. Notice also that the
result is actually no longer a A-polynomial, with logx coming into the picture.

Corollary 2.3. Let L,(Ay, ..., An; X) be defined by (2.5). If Jp=---=Ay, =4,
then

(2.7) Lo(Ag, ..., An; X) = xX*Z(~(1+ A1+ ) logx),
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where %, is the nth Laguerre polynomial orthogonal with respect to the weight
e * on [0, oo) and with £,(0)=1.

Proof. Since Ay =4 for k=0,1,...,n, (2.5) yields

1 [ xi(t+i+1)"
Ln('{Oall," )-n,x) 27tl/r‘—_(—t_—_)._57+-l—dt’

where the contour I' can be taken to be any circle centered at A. By the Residue
Theorem,

Ln(AO, LR ’ln;x)

d" "
'dtn[x (t+l+ 1) ][—l

n,Z() (logx)n(n—1)---(k + )(A+ A+ 1)k

—xlzk,( ) (1+4+)kloghx.

These are just the Laguerre polynomials {-%,} in (—logx) which are orthogonal
with respect to the weight function e~* on [0, co) with the normalization
Z(0) =1 (cf. [24, p. 100]), and we obtain (2.7). O

The name Miintz-Legendre polynomial is justified by the following theorem,
where the orthogonality of {L,} with respect to the Lebesgue measure is proved.

Theorem 2.4. Let A = {Ag, A1, A2, ...} satisfy R(Ax) > =1/2 for k=0,1,
2,.... Assume that L, is defined by (2.5). Then

(2.8) /0 LT = 6n (14 A+ F)

holds for every m,n=0,1,2,.
Remark. In the orthogonality (2.8), repeated indices are allowed.

Proof. We provide a proof here for the sake of completeness. It suffices to
consider 0 < m < n. Also, we just need to prove (2.8) for distinct indices,
since from the definition in (2.5), L,(4¢, ..., 4»; X) is uniformly continuous
in A9, ..., A, for x in closed subintervals of (0, 1], and the nondistinct case
is a limiting argument. Since PR(A;) > —1/2, we can pick a contour I' in
the integral (2.5) such that I" lies completely to the right of the vertical line
R(t) = —1/2, and T surrounds all zeros of the denominator. When ¢ € I", we
have R(t+ An) > —1, and fol xtthmdx = 1/(1 + t + Ap), for every m > 0.
Hence,

1 - t+/1k+ 1 dt
L Imdx = / 7 '
/0 n(X)x*mdx = i H t—A (t=Ap)(t+Am+ 1)

Notice that for m < n, the new term ¢ + I,,,_+ 1 in the denominator can
be cancelled, and for m = n the new pole —(4, + 1) is outside I', because
M(—A, — 1) < —1/2. Changing the contour from I' to |f{| = R with R >
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max{|Ao| + 1, ..., |4, + 1}, we have for 0 < m < n that
n—1 Ky
/L \hndx = 1 I+ A+ 1 dt_
2mi =R g A (t—=2An)(t+2n+1)
_ 6m,n nl —In"').k
iy R L S S g

Letting R — oo, we see that the integral on the right-hand side is actually 0,
which gives

5m n = In - }vk
Antan+1 g nthe+1
Now with (2.6), we have for 0 < m < n that

/L,,(x dx—/ L,(x ch mXH dx

1 - —_
=Cmm | La(X)x* dx =0 n)/n+ s + 1),
0

where the last step comes from the formula for ¢, , in (2.6). O

/ Ln(x)xAndx =

An alternative and probably easier proof of orthogonality follows from (2.10)
below, integration by parts and induction. Later we will see that L,(1) = 1.
This can be viewed as the normalization for Miintz-Legendre polynomial L, .
Clearly, if we let

(2.9) L= (14 A, + 4,)'2L,,

then we get an orthonormal system, that is,
1
/ L)L) dx = 6mny  m,n=0,1,2,....
0

These L;, n=0,1,2,..., will be called orthonormal Miintz-Legendre poly-
nomials.
There is also a kind of Rodrigues formula for the Miintz-Legendre polyno-

mials [13]. Let
Pa(x) = le"/ H (A —
Jj=0, j#k
then
L,(x)= Dlo T Dln—lp"(x) ’

where the differential operators D; are defined by D, f(x) = x~*4& (x!+* f(x)).
Notice also that p, and its first n — 1 derivatives vanish at x =1 (cf. [13]).
This formula follows easily from Corollary 2.2.

Now we state the differential recurrence formulae for {L,}.

Theorem 2.5. Assume that A is a complex sequence satisfying R(Ay) > —1/2
for all k. Then

(2.10) XLy (x) = XLy (xX) = AnLn(X) + (1 + Ap—1)Lp—1(x),
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where L,, n =0,1,2,..., are the associated Miintz-Legendre polynomials
defined by (2.5).

Proof. From (2.5), we get

_ 1 IR+ A+ 1)

7 t—A,—1
=51 ); Z;'(t—/ln) (t+Ap—1 + Dx dt.

2 (xmin Ly (x)

Multiplying both sides by x*+4-1+1  we obtain
_ 1L 3+ +1)
2niJr - TIRo(t = A)

and again by the definition of L,_; (cf. (2.5)),

X+ (=M L (x)) (t+ Ano1 + DxtHh-1dt,

xhthotl (A L (x)) = (L, (X))

Simplifying by the product rule and dividing both sides by et , we get (2.10).
0

Corollary 2.6. Let a complex sequence A satisfy (2.4), and let the associated
Miintz-Legendre polynomials L, and the orthonormal Miintz-Legendre polyno-
mials L;, be defined by (2.5) and (2.9), respectively. Then

n—1

(2.11)  xLp(X) = AnLn(x) + > (A + A + D)Ly(x),
k=0
n—1
(2.12)  xL:(x) = A L:(x) + \/Z+ 1) \/Ak + A+ 1L (X),
k=0
and
n—1
(2.13) XLyj(x) = (An = DLp(x) + > (A + A + DL (x)
k=0

Jor every x € (0, 00).
Proof. The first equality (2.11) follows from Theorem 2.4 by writing xL}(x) —
xLjy(x) as a telescoping sum. From (2.11) and the relation
L,: = (A +Ik + l)l/sz
(cf. (2.9)), we get (2.12). Differentiating (2.11), we obtain (2.13). O

The values and derivative values of the Miintz-Legendre polynomials at 1
can all be calculated. They are useful in locating the zeros of Miintz-Legendre
polynomials (cf. §4).

Corollary 2.7. Let L, be the nth Miintz-Legendre polynomial defined by (2.5)
(or by (2.6) from A satisfying (2.4)), then

n—1
(2.14) Ly()=1, L=+ (k+hi+1), n=0,1,2,...,
k=0
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and
n—1
(2.15) Ly(1) = (An— DLp(1) + Y (A + 4+ DL(1), n=0,1,2,....
k=0
Proof. It suffices to show that L,(1) = 1, for the rest follows from Corollary
2.6. Notice that from (2.5),

t+,1k+1 dt
En( 2m/1—H In t—=Dn’

Since I' surrounds all zeros of the denominator, and the degree of the denom-
inator is one higher than that of the numerator, let I' be the circle |¢{| = R and
let R — oco. From thiswe get L,(1)=1. O

The recurrence formula can also be expressed in an integral form.

Corollary 2.8. Let a complex sequence A satisfy (2.4), and let L,, n=0, 1,
, be the Miintz-Legendre polynomials defined by (2.5). Then,

1
Ln(x) = Ln—-l(x) - (ln +In—1 + l)xln/ x_l"_an—l(t) dta
€ (0, 1].

(2.16)

Proof. Rewriting the recurrence formula (2.10) as
XLn(X) = 2nLn(x) = XLy (x) + (1 + Zne1)Loo1 (%),
and multiplying both sides by x~*~! we obtain
(x ™M Lp(x)) = x"MLL_ (%) + (1 + Zp_g)x ™ L, (x).

On taking the definite integral of the above on [x, 1], and using the fact that
L,(1)=1 for all k >0, we conclude

1
l—xMLy(x)=1-x"%L,_(x) _/ (t*) Lo—1(t) dt

1
(G + 1)/ Lo (1) dt,

which implies (2.16). O

Another observation is that if 0 < 4, — oo very fast, then x = 1 is the
unique maximal point of the Miintz-Legendre polynomial on [0, 1]. A reason-
able conjecture seems to be that the maximum of |L,| is always attained at one
of the endpoints of [0, 1] when A, > 0, at least for regularly going sequences.

Corollary 2.9. If A= {49, A1, 42, ...} is a nonnegative sequence such that

—

n—

(2.17) A>3 (1424), n=1,2,3,...,
k=0
then
(2.18) |Lo(x)] < L,()=1, xe€[0,1),n=2,3,4,....

Remark. If A, = p* , then (2.17) holds if and only if p > 2+ /3.
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Proof. We assume Ay = 0. (The proof for 4o > 0 is essentially the same.) In
this case, Lo(x) = 1, and (2.18) fails for n = 0. From (2.17), 4; > 1, and
Ak > 2+ Ag_y for kK >2. By (2.6),

s 1+ 41 _ ]t Ae
[T 141 Aj

Hence, |L,(0)] < 1, and L,(0) < 1 for every n > 2. Now we use induction
to show that |L,(x)| < 1 on (0, 1) for every n > 1. Indeed, for n = 1,
because |L;(0)] < 1 = L(1), and Ly(x) = ¢g,1 + ¢1,1x* is monotone on
[0, 1], we have |L;(x)] <1 on (0, 1). Assume that n > 2, and |Ly(x)| < 1
for 1 <k <n-1. Let x be a local maximal point of |L,| in (0, 1), then
L;(x) =0. Hence Corollary 2.6 yields

n—1

AnLn(X)+ Y (14 24)Li(x) = 0.

|Ln(0)] = |co,n| =
j=1

k=0
Therefore
1 n—1 n—1
|Ln(x)| = ™ kzzo(l + 24 L (x)| < kgo(l +24)/An<1. DO

We finish this section by introducing the reproducing kernels. They are sim-
ilar to the Dirichlet kernels in the trigonometric theory, or to the reproducing
kernels for ordinary polynomials (cf. [24, p. 40]).

Corollary 2.10. Let A= {4, A1, A2, ...} beasin (2.4), and let L, and L; be
defined by (2.5) and (2.9). Then for every A-polynomial p(x) = Y ;_oaxx™ in
M,(A), we have

1
(2.19) p(x) = / Ka(x, 0p(t)dt,
0
where
(2.20) Kn(x, 0 =Y L0
k=0

is the nth reproducing kernel.

Proof. This is a well-known consequence of orthogonality. Since L}, n =
0,1, 2,..., form an orthogonal system

1
/ Ku(x, DL dt = Li(x), 0<k<n.
0

Note that {Lj, ..., L;} is a basis of M,(A), and the above is equivalent to
(2.19). O

Later in §3 and §5, we will see the importance of K, in solving an extremal
problem for A-polynomials, and in the characterization of denseness of Miintz
spaces.

3. INEQUALITIES FOR MUNTZ SYSTEMS

Let A={Ap, 41, 42, ...} satisfy (2.4) and let the Miintz spaces M(A) and
M,(A) be defined by (2.2) and (2.3). With the help of Miintz-Legendre poly-
nomials, we establish some inequalities for A-polynomials.
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We now record an estimate of a A-polynomial p and its derivative at a point
y € (0, 1] in terms of its L? norm (||p||; := (fol |p(1)|?dt)'/?) . First we state a
more general theorem in terms of linear functionals.

Theorem 3.1. Suppose that A satisfies (2.4) and that L;, n=0,1,2,..., are
the orthonormal Miintz-Legendre polynomials. Then

n 1/2
(3.1) lo(p)] < [Z |¢(L72)|2] Ipll2

k=0

for every linear functional ¢ defined on the Miintz space M,(A), and for ev-
ery p € My(A). If ¢ #£ 0, then the equality holds if and only if p(x) =
const Y o &(L;)Lx(x).

Proof. This is also a well-known consequence of the orthogonality of L}, n =
0,1,2,... (cf. [24, p. 39], where ¢(p) = p(x) is considered). To show (3.1)

we write n
x) = Z Ly (x)
with 3¢ _o |l = [Ipll3 . Hence, by the hnearlty of ¢, we have

o(p) = Z ckd(Ly) .
k=0

The theorem now follows from the Cauchy-Schwarz inequality. O

If the linear functional is ¢(p) = p*)(y) for some fixed y € (0, 1] and fixed
integer v, then the above becomes

Corollary 3.2. Suppose that A satisfies (2.4) and that L;,, n=0,1,2, ..., are
the orthonormal Miintz-Legendre polynomials. Then

n 1/2
ZIL}Z(”)(y)Izl Ipll2
k=0

for every A-polynomial p € My(A), v=0,1,2,...,and y € (0, 1]. Equality
holds if and only if p(x) = ¢ Y t_o Li"(y)L;(x) for some constant c.

(3.2) P ()| <

Remark. An equivalent expression of (3.2) is

n 1/2
(3.3) [ZlL;:("’(y)P] = max{|p® (y)|: p € Ma(A), |Ipll2 = 1}.
k=0

On letting n — oo, this leads to

oo 1/2
(3.4) [Z |LZ(")(y)Izl = sup{[p™ (y)|: p € M(A), |Ipll2 = 1}
k=0

which may be finite or infinite. We will return to this in §5.

More explicit estimates than those in Corollary 3.2 can be obtained by com-
bining Corollary 3.2 and Corollary 2.7. For simplicity, we only consider the
cases ¥ = 0 and v = 1, that is, we only state the estimates for |p(y)| and
|p'(y)| in terms of ||p||; and the exponents A, . These are of the flavour of
Nikolskii and Bernstein type inequalities.
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Corollary 3.3. Under the conditions of Corollary 3.2, we have

u 12
(3.5) ly'2p(y)| < lEHZm(/{k)} Ipll2,
k=0
and
) 12
n -1

(3.6) 320" W) < | D (14 2R(A) | Ak + Y (1 +2R(4))) Ipll2

k=0 Jj=0

hold for every p € M,(A) and y € (0, 1].

Proof. When y = 1, the above is a simple combination of Corollaries 2.7 and
3.3, For 0 < y < 1, the scaling x — yx reduces the problem to the case
y=1. 0O

We now focus on one of our principal results, the L2 Markov inequalities
for Miintz polynomials, whose L> version is in [17].

Theorem 3.4. Assume that A = {Ag, A, A2, ...} is given as in (2.4). Then,
1/2

xp'(x n n n
a1 sup PEEIL 1S R4S 1+ 2m) 3 (14 290
peMy(r)  IIPII2 Jj=0 Jj=0 k=j+1

If, in addition, A consists of nonnegative real numbers, then

pemyn)  IPl2

| lxp' )l _ 1 ¢
3.8 —E A; < —<———E 14 24;
( ) \/m ~ j < sup > \/—2' j=0( J)

where n is an arbitrary nonnegative integer.

Remark. 1t is easy to see that the imaginary part of the exponents 4; does not
affect the Markov factor as much as their real parts. For example, if 4; = ij,
where i is the imaginary unit, then the Markov bound on the right-hand side
of (3.7) is [X]_o(j% +n—)]"/> = O(n*?), while 4; = j results in O(n?).

Proof. Let p € My(A) be arbitrary, and ||p|l = 1. Then p(x)=)Y"¢_oaL;(x),
and ||pll} = S _olax|> = 1. Thus,

n
xp'(x) =) axLy(x).
k=0

If we use the recurrence formula (2.12) for the terms xL;'(x) in the above and
rearrange the sum, we get

n n
xp’(x)zz: a,~l,-+vl+lj+1j Z ak\ll-l-lk +7-k L;(X).
Jj=0 k

=j+1
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Hence,

1 n
/ lxp'(x)Pdx =" |ajh;j+\/1+4;+7; z ak\/l+lk+lk
0

j=0 k=j+1

n

n
SZ \/1+1j+1j;ak\/1+lk+1k
=J

j=0

Applying the Cauchy-Schwarz inequality for each term in the sum, and recalling
that Y7_,|ax|> = 1, we obtain

/pr x)|2dx<2[|l P+ (1 + 4 +4)) Z(1+lk+lk)}

k=j+1

<

N —

2
[Z(l + 2|1,~|)] .

j=0

The above proves (3.7) and the right half of (3.8). To prove the sharpness for
the case that each A, is nonnegative, we need to find a A-polynomial p # 0 in
M,(A), such that

2
1 n
(3.9) llxp'll3 > 30 (Zlk) P13

Corollary 3.2 suggests that a possible candidate is Y _;_, L*’ (1)L (x), and in-
deed, this works. However, a slight alternation makes the estlmatlon easier. We

consider
n k
p(x) =Y Vi (Z A;) Li(x)
k=0 j=0

Since the system {L;}?°, is orthonormal, we have

1 n k 2 n 3
(3.10) /0 p(x)Pdx = 4 (le) < (Zij) :

Jj=0 Jj=0

Now
n k n
') =Y VA [ D4 | XL (X) = Y buLy(x)
k=0 j=0 m=0
where by the recurrence formula (2.12)

m—/lm\/_Zl + V1420 Z\/_—_I—ﬁk—21

k=m+1

>\/_Zikz,1 >0.
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Hence

2
1 n n n k
/ Ixp' ()P dx =3 b > Y Am (Z Ak le)
0 m=0 m=0 k=m  j=0

= Y ) Amkidjhedy

0<m<n 0<j<k
m<k,k'<n0<j' <k’

5
l n
> >, Ambidihiedy 2 5 (Zak) :
k=0

0<m<j<j' <k<k'<n
This, together with (3.10), proves (3.9), and hence the left-hand side of the
inequality (3.8). O
We believe that the general L? analogue of Theorem 3.4 is true. When the

sequence {Ag, 41, 42, ...} is lacunary, the proof can be obtained from (5.10)
in Lemma 5.6.

4. ON ZEROES OF MUNTZ-LEGENDRE POLYNOMIALS

In this section we always assume that A, 4, ..., 4, are real numbers (not
necessarily distinct) greater than —1/2. We make several observations on the
zeros of Miintz-Legendre polynomials, some of them are interesting for their
own right. The main result is a lexicographic property of the zeros given by
Theorem 4.9.

Proposition 4.1. For a function f € C(0, 1), let S™(f) and Z(f) denote the
number of sign changes and the number of zeros, respectively, of f in (0, 1) (in
the count we count the zeros where there is no sign change, twice). Let ® and
¥ bein C(0,1). If there is an n, such that

n<S (a®+ BY) < Z(a®+ B¥) < n+1

holds for every real o and B with o* + B2 > 0, then the zeros of ® and ¥
strictly interlace.

A proof may be found in [19, Theorem 1.1 and Corollary 2].

Proposition 4.2. Assume that

{)'0’)'1,"’ ,ln}Z{ZO,il, oo aj'm},

where the numbers o 5
10, ).], oo ,A.m

are distinct, and let m;, j = 0,1,..., m, be the number of indices | =
0,1,...,n forwhich ;= 4j. Then Ly(Ao, ..., An) is in the Chebyshev space
H, :=span{x%(logx): j=0,1,...,m,i=0,1,...,mj—1}.
This follows from the definition (cf. (2.5)) and the residue theorem.

Proposition 4.3. {L, (4o, ..., A)};_, is a basis of the Chebyshev space H, de-
fined in Proposition 4.2.

This follows from orthogonality (cf. Theorem 2.4).




MUNTZ SYSTEMS 535

Proposition 4.4. L, = L,(Ay, ..., An) has exactly n distinct zeros in (0, 1),
and L, changes sign at each of these zeros.

Proof. Assume to the contrary that the number of sign changes of L, in (0, 1)
is less than n. By Proposition 4.3, there is a function p € span{Lk},’:;é , which
changes sign exactly at those points in (0, 1) where L, changes sign. Then
fol L,p # 0 which contradicts Theorem 2.4. 0O

Proposition 4.5. Let 1, < A}, . Then the zeros of
D="L,(Ag, ..., An_1, An)
and
¥Y=LAo, ... An—1,4})
in (0, 1) strictly interlace.
Proof. Note that Theorem 2.4 implies

1
/ (a® + B¥)p = 0
0

for every p € H,_; , where H,_, is defined in Proposition 4.2. As in the proof
of Proposition 4.4, a® + ¥ has at least n sign changes in (0, 1), whenever
a and B are real with o2 + 2 > 0. Proposition 4.2 implies that ao® + ¥
cannot have more than n+ 1 zeros in (0, 1) whenever a and g are real with
a?+ B2 > 0. Now the proof can be finished by Proposition 4.1. O

Proposition4.6. Let Ay, ..., Ax_1, Aky1s --- > An Defixed distinct numbers. Sup-
pose {Ag i}2, C (=1/2, o) is a sequence with lim;_ Ay ; = co. Then the
largest zero of

Ln,k,i = Ln(lO, ooy j’k-—l 5 A'k,i) )'k+l’ ceey ln)

in (0, 1) tendsto 1.

In particular, for the functions ® and Y of Proposition 4.5, the jth largest
zero of ® in (0, 1) is less than the jth largest zero of ¥ in (0, 1) for every
Jj=1,2,...,n
Proof. Assume, without loss of generality, that 4, ; is greater than each of the
numbers 4;, j=0,1,...,n, j#k. We distinguish two cases.

Casel. k=n. Let

8i(%) = An,i(Ln,n,i(x) = il nxn),

where

L) /2 i+ 45+ 1)
n,n — —
)0 (ni — 4))

is the coefficient of x*.i in L, , ;. Now Corollary 2.2 implies that the func-
tions g; converge uniformly on [d, 1], d € (0, 1), to a function

0% g € Hyoy = spana™, x', ..., xin-1}.

By using L, n (1) =1 (cf. Corollary 2.7), and the explicit formula for cf,i,),,,
it follows that g(1) < 0 and

An,iLn,n,i(x) = ln,i(Ln,n,i(x) - cﬁll,)nx'i"‘i) +/1n,ics,)nxl"'i
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converge to g(x), as i — oo, forevery x € (0, 1).

Now assume that the statement of the proposition is false. Then there is
an ¢ € (0, 1) and a subsequence {4,,;}32; of {4,,i}72; so that the Miintz-
Legendre polynomials L, . ; have no zerosin [1 —¢, 1]. It now follows that
Ly, n,; is nondecreasing on [1 —e¢, 1], otherwise L; , ;(1) >0 (cf. Corollary
2.7) would imply that L; , ; has at least n + 1 zeros in (0, 1), which is
impossible. This yields that g is nondecreasing in [l — ¢, 1]. Since 0 # g €
H,_; and g(1) <0, g(1 —¢) < 0. Therefore, L, , (1 —¢€) <0 if i is large
enough. Since L, n (1) = 1 (cf. Corollary 2.7), each L, , ; has a zero in
(1-¢,1) if i > iy, which contradicts our assumption.

Case2. 0<k<n-1. Let
8i(%) = A, i(Ln e, i(x) — ¢} x%0),
where »
kom H;:O,j;ék('lk,i_)'j)

is the coefficient of x*.i in L, 4 ;. From Corollary 2.2, we can deduce that
the functions g; converge uniformly on [d, 1], d € (0, 1), to a function

0#ge H,_ | =span{x%, ... 6 x*1 xho xM},

By using L, ; ;(1) =1 (cf. Corollary 2.7) and the explicit formula for c,((i) uo it
follows that g(1) <0 and

Ly je,i(x) = (Ln,k,1(x) — ¢ jxei) + ) xhes

converge to g(x), as i — oo, for every x € (0, 1). Now the proof of Case 2
can be finished as in Case 1.

The second part of the proposition follows from Case 1 and the interlacing
properties of zeros (cf. Proposition 4.5) by a limiting argument. 0O

Proposition 4.7. Let Ay # An. Then the zeros of

(D:Ln(l()a R ,Ak—la }'k,)'k+l3 a'%'n—l"ln)
and

\P=Ln()~0, ) )'k—l 5 /ln, 'q'k+l 9 eeey )-n—l 5 '{k)
in (0, 1) strictly interlace.
Proof. Using arguments similar to those in the proof of Proposition 4.5, it is
easy to see that

n—-1<S(a®+ pY) < Z(a®+ BY¥Y) < n,

and Proposition 4.1 gives the conclusion. The observations ®(1) = ¥(1) = 1
and ¥'(1)-®'(1) = A, —Ax # 0 (cf. Corollary 2.7) guarantee that a®+ Y # 0
whenever o and f are real with o2+ 2>0. O

Proposition 4.8. Let ® and ¥ be as in Proposition 4.7. Let x; < x; < +-+ < Xp
and x} < x; < --- < x; be the zeros of ® and ¥ in (0,1). Then A < An
implies that x; <x;,j=1,2,....,n.

Proof. By Proposition 4.7, it is sufficient to prove that x, < x;. Let H, be
the Chebyshev space defined in Proposition 4.2. Corollary 2.7 implies ®(1) =
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Y(1)=1 and ¥'(1) - ®'(1) = A, — 4 > 0. From this, and Proposition 4.7, we
can deduce that x, > x;; would imply that 0 # ¥ — ® € H, has at least n + 1
distinct zeros in (0, 1], which is a contradiction. O

Theorem 4.9. Suppose max{A;: 1 < j<n}<minfu;: 1 <j<n} and i; < u;
forsome i and j. Let x; < X <--- < X, and x; < x; <--- < x, be the zeros
of Lu(Ao, ..., An) and Ly(uo, ..., in), respectively, in (0, 1). Then x; < x;,
j=1,2,...,n

Proof. Repeated applications of Propositions 4.6 and 4.8 yield the desired re-
sult. O

Proposition 4.10. Let Ao < A,. Let X1 < x3 <--- < xp and x{ < x3 <--- <

x; be the zeros of Ly(49, 41, ..., /1,,) and Ly(An, An—1, ..., A0), respecttvely,
in (0,1). Then {x;}}_, and {x}}}_, strictly interlace and Xjp <Xxj, Jj=
1,2,...,n

Proof. This follows from Propositions 4.7 and 4.8 and the Remark given after
Corollary 2.2. O

Proposition 4.11. The zeros of
D=L, (Ao, ..., An—1) and Y =Ly(Ao, ..., An)
n (0, 1) strictly interlace.
Proof. Proposition 4.1 and arguments similar to those given in the proof of
Proposition 4.5 yield the theorem.

Corollary 4.12. Assume that x| < x; < --- < X, are the zeros of L,(Ag, ..., An)
in (0, 1). Then,

4n +2 —j?
p(—m> <X <X2<: < Xp <exp<(1+2}.*)(4n+2)) ,
where A, := min{lg, ..., A,}, A* = max{lo, eees An} and ]1 > 3n/4 is the
smallest positive zero of the Bessel functton Jo(z Zk o(=2H)*/(k12K)2.
Proof. Let %, be the nth Laguerre polynomial w1th respect to the weight e~

on [0, o), and let the zeros of %, be z; < z; < --- < z,. Then we have
(cf. [24, pp. 127-131])

2
(4.1) 4n+2<Z'<22< <zp<d4n+2,

where the upper estimate is asymptotically sharp, and the lower estimate is
sharp up to a constant (not exceeding 4%/97n2). Since n is fixed, we let
e > 0 be sufficiently small that A, — ne > —1/2. Then all the zeros of
L,(Ag, ..., An) lie to the right of those of L,(A«, A« —¢€, ..., A« —ne) by The-
orem 4.9. From the contour integral formula (2.5), L,(A«, A« —¢, ..., Ax —ne)
tends to L,(As, Ax, ..., A.) uniformly on closed subintervals of (0, 1] as
¢ — 0. Recalling that (cf. Corollary 2.3)

Lo(Ae, Aey oy Ay) = X Z0(—(1 4 2A,) log x),

we conclude that x; > y,, where y, is the smallest zero of L,(A., As, ..., A4).
Since z, = —(1 + 24.)logy,, we can combine this with (4.1) to get

—Zn 4n+2
X121 = €Xp | 750 | > X~ 5 )
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which is the left-hand side inequality of this corollary. It can be seen similarly
that all zeros of L,(4¢, ..., 4,) lie to the left of the zeros of

Ly(A*, ..., 2%) = x" Z(—(1 + 24%) logx),
which implies that x, < exp(—j2/((1 +24*)(4n +2))). O

5. CHRISTOFFEL FUNCTIONS

Christoffel functions have been intensively studied, and their utility in the
theory of orthogonal polynomials and approximation theory can be illustrated
by their relation with polynomial inequalities, interpolation theory, quadrature
formulae, zeros of orthogonal polynomials, etc. (cf. [14]). In this section we
study the Miintz-Christoffel functions and some of their applications.

We assume that A = {4g, 41, 42, ...} satisfies

(5.1) O0=Ag<Ai <A< -+ > +o0.

The Christoffel function for the Miintz system M (A) with respect to Lebesgue
measure is defined by either side of the following equality

1
5.2 =% T o2 = / p 2 d t,
(3-2) Yo ILE(x)[? peM(A ()]

which is a well-known consequence of the orthogonahty (cf. [24, p. 39]). If the
infimum is taken just over M,(A), then we have

1
53 b [ora,
) S0 LiOOP  remlB b=t Jo P!

and either side can be called the nth Chnstoﬁel function. Recalling the repro-
ducing kernel (2.20), we see that 1/K,(x, x) and

1/K(x, x):= nango 1/Ku(x, x)

are what we have just defined (cf. (3.3) and (3.4)). For convenience, we will
defy the section title a little by stating results in terms of the reciprocal of the
Christoffel functions, namely, in terms of K(x) := K(x, x) and K,(x) :=
K,(x, x).

The classical Miintz theorem characterizes the denseness of M(A) by the di-
vergence of the series Y 3o, A; ' . Now we can connect the Christoffel functions
with the denseness. All results here are stated for sequences A of integers, but
they hold for sequences A of nonnegative real numbers.

Theorem 5.1. Let A = {0 =4g < A, < ---} be an integer sequence. Then the
Jollowing statements are equivalent:

(i) M(A) is not dense in C[0, 1] in the uniform norm;

(i) Ypo A < +oo;

(iii) There is an x € [0, 1), such that Y32, |L;(x)|* < +oo;

(iv) Yreo|Li(x)? converges uniformly on [0, 1 —¢] for every 0 <e< 1.

The rlght endpomt 1 is quite different, where we always have (cf. (2.9) and
(2.14)) K(1) = 220 1Ly (D)2 = g20(1 +24¢) = 400 . The following lemma is
extracted from the proof of [7, Theorem 3], see also [2, Lemma 2]. It estimates
the function values and derivative values of A-polynomials on [0, 1 — &] by
their L2[0, 1] norms. The proof of Theorem 5.1 will follow this.
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Lemma5.2. Let A={0=4g <Ay <---} bean integer sequence with 3 g0, ;"
< 40o. Then there is a constant C = C(A, ¢, v) depending only on A, ¢, and
14

| 1/2
) 2
(54) max_|p (x)|5C</O |p(x>|) ,

forevery pe M(A), forevery v=0,1,2,...,and 0<e<1.

Proof. Since A is an integer sequence, and ;7 A,:l < +00, by the proof of [7,
Theorem 3], for every ¢ > 0, there is constant Cp = Cyp(A, &) > 0 depending
only on A and ¢ such that

: 1/2
|ak|§C0(1+s)l’< (/ |p(x)|2dx) , k=0,1,2,...,

hold for every A-polynomial p(x) = Y ;_,axx* , and forevery n=0,1,2,
(We remark that the above also holds if mfkeN{lk —Axk—1} > 0.) Note in par-
ticular that Cj is independent of n. Hence

n

12
|p (x)|<2|ak|1" xh < Co Y (14 (/ |p(x)|2dx> A

k=v
If xel[0,1- s], then (1 +¢&)x < 1— &2, and the above implies that

o 1/2
P ()] < Co(1 +6)" Y (1 - )k (/ p( t)|2d1> .
k=0
Therefore, (5.4) holds with C(A, &, v) = Co(1 +€)” Y 3oo(1 — eHkkv. O
A simple consequence of the above is a bounded Nikolskii-type inequality.
Corollary 5.3. Under the condition of Lemma 5.2,

x€[0,1-¢]

where C = C(A, €) depends only on A and ¢.
Proof. Consider the new sequence A* = {1, 49+1,4;+1, ...} and the Miintz
space M(A*) = span{l, x‘°+ L xh+l}. Apply Lemma 5.2 with v =1 for
the A*-polynomials fo dt with p € M(A), and use the simple fact that
| fyp()dt| < fy lp()ldt. O
Proof of Theorem 5.1. The equivalence of (i) and (ii) is the classical Miintz-
Széasz Theorem. We show that (ii) = (iv) = (iii)) = (i).

(i) = (iv). Since Y pog4;' < 400, we have by Corollary 3.2 that

1
max |p(x)| < C /0 p(X)ldx,  pe M),

) 1
(5.5) ZlL}Z‘”(x)P=sup{|p<”><x>|2:peM(A), /0 |p<x>|2dx=1}

k=0

for every x € [0, 1]. Hence by Lemma 5.2, for every ¢ > 0 there is a constant
C=C(A, 8) such that

(5.6) Z]L* W< C, Zw X))PP<C, xel0,1—¢].
k=0
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Since

n n
(5.7 LS (L) = 3 oL
k=0 k=0
on applying the Cauchy-Schwarz inequality and (5.6), we see that (5.7) is uni-
formly bounded by C for x € [0, 1 —¢], and n > 0. Therefore the functions
Sk—o|L*(x)|?> are equicontinuous on [0, 1 —¢] for n =0, 1,2, ..., which
implies the uniform convergence of K, to K on [0, 1—¢] by the Arzela-Ascoli
Theorem.

The implication (iv) = (iii) is trivial.

We now finish the proof by showing (iii) = (i). Assume that K(xg) < +oo
for some xg € [0, 1]. Then M(A) fails to be dense in C[0, 1]. Otherwise, let
f € C[0, 1] be such that |f(xo)|> > K(xo) +2 and J; |f(x)]> = 1. Then by
the density assumption, there is a p € M(A), such that |p(xo)|> > K(xo) + 1
and fol |p(x)|?dx = 1, which means that

1
sup{lp(xo)lrpeM(A),/o Ip(X)Izdx=1}2K(xo)+l,

which contradicts (5.3). O

Actually when M(A) is not dense, the uniform convergence also holds for
higher derivatives, and in this case, we do not assume 49 =0.

Theorem 54. Let A = {0 < A9 < 41 < ---} be a sequence of integers with
e Ag! < +o0o. Then

o0
(5.8) Z IL,':(")(x)l2 converges uniformly on [0, 1 — ¢]

k=0
forevery v=0,1,2,... andevery 0 <e< 1.
Proof. The method is exactly the same as in the proof of (ii) = (iv) of The-
orem 5.1. Lemma 5.2 implies the uniform boundedness of the series in (5.8)
and that of Y77, IL,:("“)P on [0, 1 —¢], and the uniform boundedness of
L5 |L,“:(")(x)|2 on [0, 1 —¢] follows by Cauchy-Schwarz inequality. Now
the Arzela-Ascoli Theorem completes the proof. 0O

We obtain immediately from Theorem 5.4 that under the conditions of
Theorem 5.4, the orthonormal Miintz-Legendre polynomials tend to O uni-
formly on closed subintervals of [0, 1). Whereas for orthogonal polynomi-
als p,, n=0,1,2,..., orthonormal with respect to a measure supported
on [0, 1], only the relative growth |p,|?>/ Y 7_o|pk|* tends to O uniformly on
[0, 1] (cf. [15, 16, 27)).

Corollary 5.5. Suppose 0 =iy < A; < --- — oo Is a sequence of integers, and the
associated Miintz system is not dense in C[0, 1]. Then

lim max |L W (x) =0
k—o0 x€[0,1—

holds for every 0 < e < 1 and every 1/_0, 1,2,....

When the sequence A is lacunary, that is,
(5.9) inf{Ag;1/A:k=0,1,2,...} > 1,
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we can say more about the boundedness of the function K . To do this, we first
give a bounded Bernstein-type and a bounded Nikolskii-type inequality for a
lacunary system (cf. [4, Theorem 3.1]).

Lemma 5.6. Let A={0= AO <Ay <43 <---} belacunary as in (5.9). Then

(5.10) 1p'(x)] < ——x-,gg (@], x€[0,1), pe M),
and
511 )< / p(dt,  x€[0,1), peMA),

hold with a constant C = C(A) depending only on A.

Proof. The inequality (5.10) comes from [4, Theorem 3.1]. For (5.11), consider
the new lacunary sequence A* = {0, 1 +4p, 1+4,...}, and apply (5.10) for
A*-polynomials which are indefinite integrals of p € M(A). O

Theorem 5.7. Let A = {4, A1, A2, ...} be lacunary. Then there is a constant
C = C(A) depending only on A, such that

00 . C
K(x)= §|Lk<x)|2 < <€l

Proof. Since A is lacunary, applying Lemma 5.6, we get

1 2 1
|p(x>|2s(l—f;)—2( / |p<r>|dt) < 57 | PR L.

By (5.2)—(5.3) or (3.2)—-(3.4), we have K(x) < C/(1-x)?. O

As a last observation in this paper, we point out that if A, — oo, then
there are numbers x, — 17, such that K(x,) > C;/(1 — x,). Indeed, let
Xn =1—1/A,, and consider p(x) = x* . Then by (5.2)-(5.3) or Corollary 3.2,

K(xn) > p(xn)*/IIPII3 = X2 (244 + 1)
=(1=1/A)** (22 + 1) > CiAy > C1 /(1 = Xp),

where Cy =inf{(1-1/A)%:n=1,2,3,...}>0.
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